ON SCHRODINGER SYSTEMS WITH 
LOCAL AND NONLOCAL NONLINEARITIES - PART2 



HICHEM HAJAIEJ 



Abstract. In this second part, we establish the existence of special so- 
lutions of the nonlinear Schrodinger system studied in the first part when 
the diamagnetic field is nul. We also prove some symmetry properties of 
these ground states solutions. 
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1. Study of ground state solutions 

1.1. Introduction and historical remarks. In this section, we shall study 
the existence and symmetry of ground states for the following m x m non- 
linear Schrodinger system without magnetic field, in presence of local an 
nonlocal nonlinearities 
(1.1) 

(m 
-A<|., + (A - - g,{\xl . . . , - g W., * him 

for I < j < m. 
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2 H. HAJAIEJ 

For every $ = . . . , ^ 'H^(M^), we define the energy functional 

j=i J J J 

-It. J J W^,i\x-ymU^)m^,iy)\)dxdy. 
We are interested to solve the following minimization problem 

rn „ 

(1.2) 7e = m| 5e = e : J] / |$,f = c}, 

where c > is a fixed number. 

2. Main assumptions 

2. 1 . Assumptions on local nonlinearities. We assume that the following 

conditions hold 

(yO) y : ^ M+ satisfies 

V{\x\) > V{\y\), forallx,y e with \x\ < \y\ . 

Moreover, 

V{\x\) 0, as \x\ oo. 
(GO) G : (0, oo) X ^ E is a super-modular function, namely 

(2.1) G{r, y + he, + kej) + G{r, y) > G{r, y + he,) + G(r, y + kej) 

(2.2) G(ri, y + hci) + G(ro, y) < Gin,y) + G(ro, y + hci) 

for i j, h,k > 0, y — (yi, . . . , y^) and {cj} is the standard basis in M.^, 
r > and < ro < ri. 

(Gl) There exists K > Q such that, for all r > and si, . . . , > 0, we 
have 

0<G{r,s,,...,Srn)<K(^J2'^ + J2'j" j' 0<^^<7v- 

(G2) for all £ > 0, there exist i?o > and -S'o > such that G(r, si , . . . , Sm) < 
£ for all r > it^o and si, . . . , < So; 

(G3) For any r > 0, si, . . . , and t > 1, 

G{r, tsi, tsm) > tG{r, si, . . . , s^). 
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(G'4) There exist B, 7, R2, 6*2 > such that 

G(r, si, 0, . . . , 0) > Bsl, for any r > i?2, < si < S2, 
where 1 < 7 < 1 + 

2.2. Assumptions on the nonlocal nonlinearities. We need the following 
assumptions 

(/lO) h : — 7- ]R+ is continuous, non-decreasing, /i(0) = and there 
exists M > such that 

h{s) < Ms^ where 2</i<2-i + f; 
(/il) /i(ts) > t/;,(s), for alH > 1 and s > 0. 

(/i2) There exist A^Si > and (3 > jj, such that > As'^, for any 
< s < 5i. 

(Wl) There exist T, C, > such that 

Wu (^^) > C^, for any r > 0, < t < ti 
where 2A^ - iV^ - T + 2 > 0. 

3. Sign of the Lagrange multiplier 
We have the following 

Proposition 3.1. Let c > and assume that the minimization problem (|1.2I) 
admits a solution $ G 5c with negative energy, namely 

£($) = Jc < 0. 

Assume furthermore that the function 

iV($) = 1 G(|x|,|$ip,...,|$„|^)cix+^f^ 11 
satisfies over $ condition 

(3.1) iV'(<li, . . . , <l^)(<l>i, ...,<!„)- 2iV(<l>i, ...,<!„)> 0. 

Let Ac denote the Lagrange multiplier associated with $. Then Ac < 0. 
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Proof. Of course, we have S'{^) = Ac$, so that 



Then, we have 



cAe - 2/e = £\^){^) - 2£{^) = -iV'(<l>)(<l) + 2N{^) = r, 



namely Ac = — + - < 0, as r < and Jc < by assumption. This proves 



Remark 3.2. Assume that the function 3 s G{r, s) G IR+ is ho- 
mogeneous of degree g > I and Wij{x) = for all i, j = 1, . . . , m and 
X E M^. Then condition (13.11) is satisfied. In fact, taking into account that 

VG'(s) ■ s = dG{s){s) = gG{s), it follows that 



iV'($)(|.) - 2iV(<l>) =2 Yl Ds,G{\x\, \^^\^ |<l^n||<l,f da; 



which proves the desired claim. The homogeneity of G is often fulfilled 
in the applications. Think, instance, to the literature of weakly coupled 
nonlinear Schrodinger systems. 

Remark 3.3. Assume that the function s t—^ h(s) is homogeneous of degree 
fi > 2 and that G = 0. Then condition (13.11) is satisfied. In fact, taking into 
account that h'{s)s = nh{s), by direct computation, exchanging i and j and 



the assertion. 



□ 
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X with y, it follows that 

- E // W,,{\x-y\)h{\Mx)\)h{\^M\)dxdy 

m „ „ 

= E II W.,{\x-y\)h{\^,{y)\)h\\$,{xM^^^ 

m „ „ 

- E// W,,{\x-y\)h{\^,{x)\)h{\^,{y)\)dxdy 

m „ „ 

= (^-1) 5^ // W.,{\x-y\)h{\Ux)\)h{\^,{y)\)dxdy>0, 

which proves the claim. The homogeneity of h is often fulfilled in the 
applications. Think for instance to the literature of the Pekar-Choquard 
equation with h{s) = \s\^, being the classical formulation in the particular 
case yU = 2. 

4. Existence and symmetry of solutions 
We have the following 

Proposition 4.1. Assume conditions (VO), (Gl), (hO) hold. Then, for all 
c > 0, problem (11.21) is well-posed, that is Ic> — oo. 

Proof. Let $ G Sc- In the following, we shall denote by C a generic positive 
constant, possibly depending on c, that can change from line to line. From 
assumption (Gl), we have 



G{\X\, |<l>l|^ . . . , \^m\'')dx < C + C V 

From the Gagliardo-Nirenberg inequality, and since || $j || l2 < \/c, we have 



2(£, + 2)^ 
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for j = 1, . . . , m. Notice that, by assumption, we have 

a,(£, + 2) = ^<2, forj = l,...,m. 

Then, by means of Young inequality, for all £ > there exists Ki{e) > 
such that 

(4.2) ||$,||g+^<i^i(5)+5||V<f,||i.. 
In turn, inequality (|4.1I) yields 

/m 
G{\xl . . . , \^^\^)dx < K,{e) + e II V^^Hi^, 
i=i 

for some positive constant Ki^e). Dealing with the nonlocal nonlineari- 
ties, from assumption (h), by the Hardy -Littlewood inequality combined 
with the Gagliardo-Nirenberg inequality, for any i,j = 1, . . . ,m, since 
max{||iyij||i9 : i,j = 1, ... ,m} < oo, setting 

2q iV /g/i-2 

? = 7^ 7' 7 



2q-r ' 2 \ q^M 
for every e > there exists K2{e) > such that 
(4.4) 

2 E yy ^^^-(1^ - y\)h{\M^)\)h{\<l>,{y)\)dxdy < C II W^^. IlLdl-^f Ik^' ll-^" 



i,j=l i,j=l 
m m 

<cY. \mu\^K,. <cYl ii*.ii£"'^niv$.in^ii*.ii£-"^niv$ 

i,j=l i,j=l 
m m m 

<CY, l|V$.IH^I|V$,||I^ <CY,\\^n\";!r < K2{e) + ||V$.||i., 

i,j=l i=l i=l 

where in the last two inequalities we used the Young inequality. In partic- 
ular, the last one was possible since, by our assumptions on /i in (hO), we 
have 
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Then, fixed e G (0, 1/4), by combining (1431) and (l44l) . by the definition of 
£^ and denoted by p = 1^(0) > 0, we have 



(4.5) 

j=i i=i 
-^E jjw,,{\x-y\)h{\^,{x)\)h{\^M\)dxdy 

(4.6) 

> (i - 2.) 5^ II V$,||i. -q-K,{e)- K,{e) > - K,(5) - 

3 = 1 



for all $ G 5c, yielding the desired conclusion. □ 

The next proposition shows that, even in the limiting cases with respect 
to the growths of the local and nonlocal nonlinearities the minimization 
problem is well posed, provided that the infimum is taken over a sphere of 
sufficiently small radius c. 

Proposition 4.2. Assume conditions (VO), ( Gl ), (hO) hold and that 

4 12 
either ij^ = j^fo^ some jo = 1, . . . ,m or jj, = 2 h — . 

Then Ic > —oo for every c > sufficiently small. 

Proof. Let c > and take $ E Sc- In the following, we shall denote by C 
a generic positive constant which can change from line to line and which 
is independent of c. In fact, differently from the proof of Proposition 14. 1[ 
here we need to put c into evidence in the estimates in order to show that 
problem (11.21) is well posed, for all c sufficiently small. Assume that there 
exists 1 < jo ^ such that = (and that ij < A/N for all j ^ jo). 
Recall that H^jolU^ ^ v^- From (Gl), the Gagliardo-Nirenberg inequality 
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and (14.21) (holding, indeed, when ij < A/N), we have 

» m 

j G{\xl \^,\\ . . . , |$^r)cix <C + C\\^,,t^X^ + CY, W^, 



+2 
.+2 



< C + C||%J|f.||V$,J|i. + +5^^ ||V$, 



2 

;IIl2 



< + cc^ II v<i>,o iii^ + £ X] ll^*^^-! 



2 

L2 



m 

|2 



< iri(£) + max{Cc^,£}5^||V<l>,||^2 

i=i 

for some positive constant Ki{e) depending on e. Concerning the nonlocal 
nonlinearities, we observe that, ifyU<2 — + 2/N, we are in the case 
of the proof of Proposition |4T| and we have inequality (14.41) . If, instead, we 
are in the limiting case /i = 2 — l/g + 2/A^, forg = it holds 

1 Nq 

7 



/i 2Nq -N + 2q 
In turn, by Hardy-Littlewood and Gagliardo-Nirenberg inequalities, we have 

< ^ E ll*^ll£-"^1lv$.IU2||$,||£-^)l|v$,|u. 



m 



< Cc^i-^)^' J2 llv$ilU2||v$j|U2 < Cc(i-^)'^Ei|v$i||i2. 

ij=l i=l 

In any case, by (14.41) and the above inequality, we can always write 

2 E / / W^..(k-l/|)/^(|$^(a:)|)/i(|$,(z/)|)rfa:rfy < maxjCc^^-^^^ ^ ^ || V$.||i,+i^2(5). 

Then, by the definition of S and previous inequalities, denoted by p = 
V{0) > 0, we have 
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^ - max{Cc^ , e} - max{Cc(^-^)'', e} > 



it holds ^($) > — Y — — and the assertion follows, namely 

there exists Cq > such that the minimization problem is well posed for all 

ce(o,co). □ 

The next proposition says that, at least under suitable assumptions, which 
include some classical situations, such as h{s) = s^, Wij{x) — and 



G 



-. m 



the upper bounds on ij and fj, are optimal for the minimization problem to 
be well posed. 

Proposition 4.3. Assume (VO) and that either there exists a function H : 
MJ^ R, homogeneous of degree ^ with £ > i/N, such that 

G{\x\,si, ...,Sm)> H{si, . . .,Sm), for all (si, . . . G M!^ 

or there exist two constants 71, 72 > such that, for some I < io, jo < m, 

WiQjg{x) > 7i|a;|~" and h{s) > j2s'^for all x e and s e with /i > 2 
Then Ic — —00 for every c > 0. 

Proof. We consider the case when both the situations indicated in the state- 
ment occur, the proof being similar in the other cases. Let c > and 
consider a fixed function $0 in Sc- For all t > 0, we define the func- 
tion $t : ^ W by setting ^{x) = t^/^<l>i{tx) for all x e R^ and 
j = 1, . . . , m. It follows that $t e Sc for all i > 0, so that, by definition of 
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Ic, it holds for all t > large 



1 ™ r 

-^E [[w.,{\x~y\)hm{x)\)h{my)\)dxdy 

By assumptions min{^, a + Njj, — 2N} > 2 and the assertion follows by 
letting t — 7- oo. □ 

Proposition 4.4. Assume conditions (VO), (W), (hO), (GO), (Gl) and (G2) 
hold. Then, for every c > 0, problem (|1.2I) admits a minimization sequence 
($„) having a Schwarz symmetric weak limit $o such that S{^q) < Ic ■ 

Proof. Let$„ G "H^ be a minimizing sequence for (II .21) . Since ||V|$nj|||L2 = 
II V$ri,i ||l2, we have that £^(|$„|) < £^($„) so that |$„| is a minimizing se- 
quence too. In turn, without loss of generality, we may assume that the min- 
imizing sequence is positive. Denoted by $* the sequence of the Schwarz 
symmetrizations of $„, we claim that < i^(|$n|) so that $* is also 

a minimizing sequence for (11.21 ). In order to prove it, we take advantage of 
the following symmetrization inequalities. By Q, for every j = 1, . . . ,m, 

< iiv$„,,iii2 

llClli^ = ||<fn,il|i2. 

From the last equality, it follows that, if $„ G Sc, then also $* G Sc. 
Moreover, in view of assumption (VO), we have that 

^(i^iX, < / v{\xm:,r. 

Furthermore, in view of the super-modularity assumption (GO), we have 

I G(|x|, . . . , ^Ijdx < I Gi\xl . . . , iK,J')dx 
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and, by assumptions (W) and (hO), it follows 

Wij{\x-y\)h{^n,iix))h{^n,j{y)) dxdy < jj Wij{\x-y\)h{^l^^{x))h{^l^j{y)) dxdy, 

for every any i,j = 1, . . . , m. We shall denote by = $* a Schwarz 
symmetric minimizing sequence for (|1.2I) . Observe that $„ is bounded in 
"H^ Indeed, if this was not the case, from the following inequality (see 
inequality (14.51) in Proposition 14. II) . as n — t- cxo, denoted by p = V^(0) > 0, 

^ m 

h + 0(1) = £($„) > (- - 2e) ||V$„,||i. - ^ - K,{e) - K,{e) 

for e G (0, \), we would immediately get a contradiction. Hence, up to a 
subsequence, there exists $o G "H^ such that $„ converges to $o weakly in 
H^, locally strongly in for s < 2* and almost everywhere in M^. We 
will prove that 

(4.7) £($o) < liminff($„). 

n— >oo 

For all j = 1, . . . , m, we know that 



(4.8) / |V$ojf < liminf / \V^nj?- 

J ' '^^oc J 

Now, let us prove that, for every i = 1, . . . ,m, 

(4.9) lim / Vi\x\)^l^ = I V{\x\)^l^, 

(4.10) lim / . . . , $2 ) ^ /■ Gdxl, $2 . . . , $2 

and for all i,j = 1, 
(4.11) 

lim [[ W,,{\x - y\)h{<!>^,{x))h{<^„Ay)) = 11 W,,{\x ~ y\)h{<^oA^)M'^oAy))- 



First, we prove (14.91 ). Fixed i? > 0, denote by -B(-R) the ball of radius 
R centered at the origin. Since $„ ., (x) — )► ^q^x) for a.e. x G -B(-R) 
and there exists a function 6^ G L'^{B{R)) such that $„j(x) < 6j(x) for 
a.e. X G B{R), by the monotonicity assumption on V in (V^O), we have 

(4.12) lim / Vi\x\)^l^= [ F(|x|)|$o,,f, 



n— ^00 
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by dominated convergence. Now, fix e > and j = l,...,m. Since 
— )■ as |a;| — )■ oo by assumption (VO), there exists R{e) > such 
that, for all |x| > R{e) and for every n G N 

Vi\x\)^l^ < e I < sc. 

Furthermore, in a similar fashion, we have that 

/ Vi\x\)^^^ix)<ec. 

JBc{R{e)) 

By means of (14.121 ). choosing R = R{e), there exists z/^ G N such that for 
every n> 



[ V{\x\)^l^ - / V{\x\)<!>l^ 

JB{R{e)) JB{R{e)) 



< e. 



[ G(ixi,i$o,ir,.. 


•,|'^'0,m| 


Jb(r) 





Thus, by combining the above inequalities, (14.91) follows. Now, we show (14.101) . 
Fixed i? > 0, it holds 

(4.13) 

lim / ...,$2 ) 

Indeed, ^n,j{x) — )■ ^o,j{x) for a.e. x G B{R), and there exist m functions 
fj G L^^+^{B{R)) such that ^njix) < fj{x) for a.e. x G B{R). Of course 
G{\x\,'^l^^{x), converges pointwise to G{\x\, |<l>o,iP(x), . . . , |$o,mP(a;)) 
in B{R) and, from (Gl), 

m m 

G{\x\,^l„ <K[Y.ff + Y. fi^') ^ L\B{R)), 

Assertion (14.131) then simply follows by dominated convergence. Fixed e > 
0, in light of [1, Lemma A.IV] and assumption (G2), there exist R{e) > 
Ro > and 5*0 > such that, for all |x| > R{e), ^njix) < Sq for every 
j = 1, . . . , m and for all n G N. Hence, by (02), we have 



/ Gi\xl^l,,...,^lJ<eJ2 / 



>B-{R{e)) —JB-{R{e)) 

Now, observe that, since — )■ ^qj{x) a.e., also ^oj{x) < Sq for all 
|x| > R^e). Then recalling that also / $o ^ < c, we obtain 

G{\x\,^^^, . . . < ec. 



L 



B-(R{e}) 
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By means of (|4.13l) . choosing R = R{e), there exists G N such that, for 

all n > Us 



JBiRie)) JBiRie)) 



< e. 



lB(R{e)) JB{R{e)) 

Hence (14.101) is proved too. Finally, we come to the proof of (|4.1 II) . We 
know that, since j is a sequence of radial functions, bounded in (M^) , 
by Theorem A. I'], up to a subsequence, $„j — )■ $o,i strongly in U^iW^) 
as n — 7- oo, where q = and 2 < qfi < 2*. Then, there exists a func- 
tion aj e L'^^(]R^) such that, $„,j(x) < aj{x) for a.e. x e M^. By the 
continuity of h, for a.e. x,y E we have 

lim W,,{\x - y|)/i(|$„,(x)|)/i(|$„,,(y)|) = W,,{\x - y|)/i(|$o,(x)|)/i(|$o,,(2/)|). 

n— >oo 

Furthermore, since h is non-decreasing, we have for a.e. x,y E 

W,,{\x - y|)/i(|$„,(a;)|)M|$„,,(y)|) < W,,{\x - y\)h{a,{x))h{a^{y)) 

where the right hand side function is in (M^^) by means of Hardy-Li ttlewood 
Sobolev inequality 

Wij{\x - y\)h{ai{x))h{aj{y))dxdy < \\ai\\'l^^^^N^\\Wij\\Li(^RN)\\aj\\'l^^^^^y 

Then, by (|4^- (I4.1 II) . (|4J1) is proved. This yields S{^o) < h, concluding 
the proof. □ 

Proposition 4.5. Assume conditions (G3), (hO) and (hi). If Ic < 0, then 
£^($o) = Icfor every c > 0. 

Proof. In view of Proposition |4]4l we know that ^($o) < h and ||$o||£2 < 
c. It is sufficient to prove that E Sc- First, we observe that, by (G) and 
(h), £(0) = then $o 7^ 0- Otherwise, by the negativity assumption on Ic, 
we would have 

= < /c < 0, 

1/2 

then a contradiction. Define t = y§^^, we have that t$o ^ <Sc and, by 
||"^'o||£2 < c, t > 1. So, by (G3), (hi) and Proposition |431 we have that 

mo) = \ J2 II V(t$o.)||i. - I J2 ^(^)ll^*o.lli. - / G{\x\,t'<l>l„ t'<^lJdx 
-\Y. jj ^*^(l^ - y\)h{t'^oA^))h{t^M)dxdy < ^£{^0) < t^h. 
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Thus, Ic < t^h and, by the negativity assumption on Jg, we have that t <\. 
Hence, t — 1 and by the definition of t, || $o || £2 = c thus proving the thesis. 

□ 



5. Negativity of 

The following results provides sufficient conditions in order to get the 
condition that the minimum value is negative for all values of c. 

Proposition 5.1. Assume conditions (VQ), (Wl) and either condition (GA) 
or condition (h2). Then Ic < for all c > 0. 

Proof. In the following we shall assume both (GA) and (/i2). It will be 
clear by the argument that follows that only one of these assumptions is 
actually sufficient to provide the desired conclusion. Given c > 0, we fix 
a positive function in L°°(M^) such that ||0||^2 = c. Then, setting $ = 
(0, 0, . . . , 0) e H^, of course we, have $ e Sc. Now, for all < t < 1, 
let us define = t^l'^(t){tx) and set $t(x) = 0, . . . , 0). Clearly, 

ll^tllia — c and $t e Sc, for all < i < 1. If we now evaluate the energy 
functional 8 at by a change of variable and exploiting the assumptions, 
for every < t < min{ti, sufficiently small, we have that 

< t'^'^ix) < t^'/^Uh^ <Si, < tV(a^) < f'lml.o < S2, 

with 5*1, 5*2 and R2 in assumptions (G4) and {h2) so that 

£{^t)^l J \VM^)fdx-^J V{\x\)<p',ix)dx- J G{\x\,<P^,{x),0,...,0)dx 
Wi,{\x-y\)h{Mx))h{My))dxdy 
I \V<l>{x)fdx-^- /v^(y) 4>\x)dx-t-'' j G(M,iV(^),0,...,0)dx 
/ 1 (^T^) Kt'"'m)Kt'"'m) dxdy 



t 



2 

~2N 



2 

f2 



< - f \V(l){x)fdx-t-^ I G'f^,t^0'(a;),O,...,o)(ix 
2 J •/{l^l>i} ^ 
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where we have set 



J{\x\>l} 



II 



dxdy. 



X - yl^ 



In conclusion, for t small enough, we get 



where, by the assumptions of 7, /3 and T, 

N-f - N -2 <0 and T + iV/3 - 2iV - 2 < 0. 
By taking t > sufficiently small, we have that Ic < S{^t) < 0, proving 



Remark 5.2. Notice that, if is a typical convolution kernel of the form 
W{x) = \x\~^, it follows that W belongs to the space L^(R^) where q = 
jr- Moreover, thinking about the important model situation h{s) = s^, we 
have /3 = iJ:. Then, we have 

r+Np-2N-2<0 ^ —+Nfx-2N-2<0 ^ < 2--+|-, 

q q N 

which is the condition on h we are already familiar with. 



the assertion. 



□ 
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